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£H ' We prove that the crossed product j4 x a G of a unital finitely generated MF algebra j4 by a 

discrete finitely generated amenable residually finite group G is an MF algebra, provided that the 
action a is almost periodic. This generalizes a result of Hadwin and Shen. We also construct two 
examples of crossed product C*-algebras whose BDF Ext semigroups are not groups. 
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Introduction 

. The purpose of this note is to generalize two recent results concerning crossed products. The first is: 

in 

Theorem 1 (Hadwin-Shen [0]]). Suppose that j4 is a finitely generated unital MF algebra and a is a 
homomorphism from Z into Aut{jtf) such that there is a sequence of integers < n x < n 2 < ■ ■ ■ satisfying 

lim ||a(n,)a — a|| = 

O ' /-oo 1 

m 

for any a € j4 ' . Then j4 x a l*is an MF algebra. 
and the second is: 

Theorem 2 (Orfanos fl5]]). Let j4 be a separable unital quasidiagonal algebra and G a discrete countable 
amenable residually finite group with a sequence ofFolner sets F n and tilings of the form G = K n L n . Assume 
a : G -^>Aut(jrf) is a homomorphism such that 

max || a(V)a — a \\ — » as n — > oo 

l£L n nK n K- 1 F n 



for any a e M '. Then j4 ~x a G is also quasidiagonal. 
which were both motivated by 

Theorem 3 (Pimsner-Voiculescu [6]). Suppose that j4 is a separable unital quasidiagonal algebra and 
a is a homomorphism from Z into Aut(jtf) such that there is a sequence of integers < n 1 < n 2 < ■ ■ • 
satisfying 

lim ||a(n,)a — a|| = 

j— »00 

for any a € M '. Then j4 x a Z is also quasidiagonal. 



1 



Crossed products and MF algebras (W. Li, S. Orfanos) 



2 



MF algebras are important in their own right but also due to their connection to Voiculescu's topological 
free entropy dimension for a family of self-adjoint elements x 1; . . . ,x n in a unital C*-algebra j4 ([8]). 
The definition of topological free entropy dimension requires that Voiculescu's norm microstate space 
of x 1 , ... ,x n is "eventually" nonempty, which is equivalent to saying that the C*-subalgebra generated 
by x-y, . . . , x n in j4 is an MF algebra. So it is crucial to determine if a C*-algebra is MF, in which case its 
Voiculescu's topological free entropy dimension is well-defined. 

In the next section we describe another connection, that between MF algebras and the Brown-Douglas- 
Fillmore Ext semigroup (introduced in [2]). We will then exhibit two new examples of crossed product 
C*-algebras whose Ext semigroup fails to be a group. 

Background 

We start with a few well-known definitions and facts. 

Definition 1. A discrete countable group G is amenable if there is a sequence of finite sets {F n }™ =1 
(called a F0lner sequence) such that lim F n = G and lim \F n AF n s\/\F n \ = for any s e G. The group 

n— >oo n— >oo 

G is residually finite if for every e x e G, there is a finite index normal subgroup L of G such that 
L 7^ xL. Stated differently, finite index normal subgroups of G separate points in G. A tiling of G is a 
decomposition G = KL, with K a finite set, so that every x e G is uniquely written as a product of an 
element in K and an element in L. 

Lemma 1. Assume G is a discrete countable group. Then G is amenable and residually finite if and only 
if G has a Eolner sequence {F n }™ =1 for which there exists a separating sequence of finite index normal 
subgroups L n and a sequence of finite subsets K n D F n such that G has a tiling of the form G = K n L n for 
all n > 1. 

Theorem 4. A discrete group G is amenable if and only if C*(G) = C*(G). Let s4 be a C"' -algebra. If G is 
amenable and if there is a homomorphism a : G — » Aut{j4), then j4 xi a r G = j?/ xi a G. 

Quasidiagonal operators were first considered by Halmos. 

Definition 2. A separable family of operators {7\, T 2 , ■ ■ ■ } C 5?(^f ) is quasidiagonal if there exists a 
sequence of finite rank projections {P n }™ =1 such that P n — * I in SOT and \\P n Tj — TjP n \\ — » for all 
j > 1 as n — > oo. A separable C*-algebra is quasidiagonal if it has a faithful ^representation to a 
quasidiagonal set of operators. 

Theorem 5 (Rosenberg [7]). Let G be a discrete group. If C*(G) is a quasidiagonal algebra, then G is 
amenable. 

MF algebras were introduced by Blackadar and Kirchberg in dTJ . 

Definition 3. A separable C*-algebra j4 is an MF algebra if there is an embedding from j4 to 

OO 00 

f^^ £ (c)/J]^r Nf (c) 
t=i t=i 

for positive integers \N t \f = 1 . If 21 = {A t }™ 1 is an element of the above C*-algebra, define its norm by 
||2l|| = lim sup ||A t |L« (c) . 

£-♦00 
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Theorem 6 (Blackadar-Kirchberg [1]). A separable C*-algebra j4 is MF if and only if every finitely 
generated C* -subalgebra of j4 is MF. Subalgebras ofMF algebras are also MF. Every quasidiagonal algebra 
j4 is MF and the converse is true if in addition, j4 is nuclear. 

An exciting result connecting quasidiagonal and MF algebras on one hand, and Brown-Douglas- 
Fillmore theory of extensions on the other, is the following. 

Theorem 7. Let j4 be a unital separable MF algebra. If ' j4 is not quasidiagonal, then Ext^jrf) fails to be 
a group. 

Example 1 (Haagerup-Thorbsornsen J3j). The reduced group C*-algebra of the free group on n gener- 
ators, namely C*(F n ), is an MF algebra but it is not quasidiagonal or nuclear (since ¥ n is not amenable). 
Therefore, Ext(C*(W n )) is not a group. 

More examples of this flavor were exhibited in fl4fl . 



Preliminary Facts 

Here we state a few facts that will be used extensively in the rest of this note. In what follows, 
C(Xi, . . . ,X m ) will denote the set of all non-commutative complex polynomials inX 1; . . . ,X m ,X*, . . . ,X* . 
The first result gives equivalent definitions for an MF algebra. Refer to [4] and the references therein 
for a proof. 

Proposition 1. Suppose j4 is a unital C*-algebra generated by a family of elements a 1 ,...,a m in j4. 
Then the following are equivalent: 

(i) j4 is an MF algebra. 

(ii) For any e > and any finite subset {fi,...,fj} o/C(X 1; . . . ,X m ), there is a positive integer N and a 
family of matrices {A 1; . . . ,A m } in M N {C), such that 

m^|||/ ; -(A 1 ,... J A m )||^ N(c) - \\fj{a 1 ,...,a rn )\\ j4 \ < e. 

(iii) Suppose n : j4 — » is a faithful *-representation of j4 on an infinite dimensional separable 
complex Hilbert space jtiC. Then there is afamily {[a 1 ] n ,..., [a m ] n }^ =1 c SS(J^) such that 

(a) For each n>l, {[a 1 ] n , [a m ] n } c ^(^f ) is quasidiagonal; 

(t>) ||/([a a ] ra , • • • , [a m ] n ) \\ m ^ -> ||/(ai, • • • , a m ) ||^ as n oo, for any f e C{X X , . . . ,X m ); 
(c) [a i ] n — » 7i(a;) in *-SOT as n — > oo, for every 1 < i < m. 

Let G be a discrete countable amenable residually finite group, equipped with Folner sets F n , finite sets 
K n and finite index normal subgroups L n such that F n c K n and G = K n L n is a tiling of G for every 
n > 1. Consider the family {£, y i n '■ y € K n } c £ 2 (G), with E, y i n = ^ 4> n (x)5 x and 

l\K n nF n x\ 

The following two lemmas can be found in [5j. The second is a consequence of the first. 
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Lemma 2. Assume G and E, yLn are as above. The following are true: 

(i) For every n > 1, {E, y i n : y e K n } is an orthonormal family of vectors. 

(ii) For any s e G, 

Ks)£,yL n = ZsyL n + J] (^"M - <t>n(sx)) 5 sx > with J] |</>„(-V) - (/) „ (.S" -V ) | 2 < 



xeyL„ 



xeyL n 



\F n \ 



Lemma 3. Assume G and ^ yK are as above. If P yL J - (£, £ yLn )£ yin and P n = ^ P yV then 



(i) For every n > 1, P n is a self-adjoint projection in 93(l 2 (G)) and rank P n = \K n \. 

\F AF s\ 

(ii) P n -> 7 in SOT as n ^ oo; and for any s e G, ||P n A(s) - A(s)Pj| 2 < 4- " " 



l*„l 



as n — > oo. 



Main Result 



Let j4 — (a 1 ,...,a m ) be a unital finitely generated MF C*-algebra. We first establish three claims 
related to our main result. 

For y e K n , s e S = {s 1 ,s 2 , ■ ■ . ,sjj U {e} c G and 1 < i < m, consider the elements a(y~ 1 s~ 1 )a i e j4 , 
the quasidiagonal set j [a(y~ 1 s~ 1 )a i J n : 1 < i < m,s e S,y e JC n j c ^l(jif) obtained from part (a) of 
Proposition l(iii), and a sequence of finite rank projections Q n in ) such that Q n — * I in SOT 

as n — > oo and Q n asymptotically commutes with all elements in the above-mentioned set. For every 
1 < i < m, positive integer n and s e S, define 

A ? 3 = E Q " ["(y^-^a^QnOP^ ,A = A ( ; e) , and U s = Q n ® P n X(s)P n . 

yeK„ 

Claim 1. For any e > and any finite subset {q 1; . . .,qj} ofC(X 1 , . . . ,X^ +1 ^ m ), there is apositive integer 
n such that, for N = rank (Q n <g> P n ), 



max 

i<j<J 



a, (a 1} a(s k ^oj, . . . , a m , . . . , a(s fc 1 )a m ) 



Qj (Ai, ■ ■ ■ ,A^ k \ . . . ,A m , . . . ,A^^j | 
Proof. For every 1 < j < J, 



< e. 



•^N/|K„|(C) 



by Lemma 2(i). Now use the quasidiagonality of | [a(y 1 s 1 )a ! J n : 1 < i < m,s e S,y e iC n j, with n 
sufficiently large, to obtain, for every 1 < j < J, 



Uj [Qn [a(y _1 )ai] „ Qn, ■ ■ ■ > Qn [a(y" V) fl J n Q„) I 



■^W/|K„|(C) 



L([a(y ^aj^..., [a(y \ 1 )a m ]J 



a or) 



e 

< 2' 
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and part (b) of Proposition 1 (iii) to get 



q ; (a(y 1 )a 1 ,...,a(y 1 s fc 1 )a m ) 



e 

< -. 

2 



The last norm is equal to 



qj (a 1 , a(s k 1 )a m j since a(y x ) is a *-automorphism. □ 



Claim 2. For any s 1; . . .,s k e G, any e > 0, and any finite subset . . . ,pj} o/C(X 1; . . .,X fc ), there is a 
positive integer n such that for N = rank (Q„ <8> P„), 



max 

i<j<J 



P] {u Sl ,...,u Sk ) 



\pj (A(sx ),..., A(s fc )) || 



S?(£ 2 (G)) 



< e. 



Proof. It follows from Lemma 3(ii) and the definition of the projections Q„. 



□ 



Let e > and s e F n c G. Choose appropriately large positive integer n so that \F n AF n s\ < e 2 \F n \/4. 
Assume that for every 1 < i < m, the action is almost periodic, in the sense that 



max ||a(Z)a ; — aj|| — » as n — > oo. 



l&L n nF n K n K-i 



Claim 3. For , A ; , [7 S as above and sufficiently large positive integer n, 



U*AiU s — A 



00 



Jt N {C) 



< e. 



Proof. Without loss of generality, start with a unit vector r\ e Q_ n #€ and compute, for y e K n , 
Mu^-A^r)®^ 



U*A iri ®P n Z syLn + Yi (<t>nW-ct> n (sx))5 sx -Afr)®Z yLn 

V xeyL n J 



Let sy - zl' - Iz with z <E K n and Z, Z' e L n . Then Z - syz -1 e L n n F n K n K~ l and £ syin = £ zin , which 
gives 



2 e ^ 
+ — , by Lemma 2(ii). 



< 



2 | 

U^Ai-q ® ? zin - A^rj (8) ? yin - ||l/*Q n [aC*" 1 )^] n r? ® ? zL „ - Q„ [aCy" 1 *" 1 )^] n r? <8> Z yLn 
Q n [afz" 1 )^] n r? <8> P n ? yin + Yi (<t>n(sx) - <j> n {x))5 x - Q n [aCy"^" 1 )^] n tj ® £ yin 



2 e 2 



[aCz-^a^-^Cy-V^a^ 



2 e 2 



By part (b) of Proposition l(iii), 



[aCz" 1 )^] n - [aCy^s" 1 )^] n " < W^z^ - aiyh'^a^ + *- 



II _, _, _, i|2 || i|2 c 

Finally || a(z )a ; - a(y s )a ; ||^ = ||a ; - a(Z)a ; ||^ < — by the almost periodicity of the action. 
Overall, for sufficiently large n, 



(l/^-A^r,®^ 



< e 



□ 
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We are now ready to state the main result. 



Theorem 8. Let j4 = (a 1; . . . , a m ) be a unital finitely generated MF algebra and G = (s 1; . . . , s fc ) a discrete 
finitely generated amenable residually finite group with a sequence ofFoiner sets F n and tilings of the form 
G = K n L n . Assume a : G — > Aut(j2/) is a homomorphism such that for every 1 < i < m, 



max 

l&L n nF n K n K~ l 



\a(l)a i — — » as n — > oo. 



Then X„ G is aZso ME 



Proof. Following the proof in we will show that j4 x a G is an MF algebra by using Proposition 1. 
More specifically, we will show that for any e > and any finite subset . . . ,fj\ of < £{X 1 , . . . ,X m+k ), 
there is a positive integer N and a family of matrices {A 1; . . . ,A m , U s , . . . , U $k } in M N {C), such that 



max 

i<j<J 



\fj ia 1 ,...,a m ,X(s 1 ),...,X(s k ))\\^ x Q - f } (A 1 ,...,A m ,U Sl ,...,U Sk ) 



JC N {C) 



< e. 



Let {f x , . . .,fj} c C(Xi, . . . ,X m+k ), and A l3 . . . ,A m , U s , U Sk ,N as in Claims 1-3. We first prove that 
for every 1 < j < J and sufficiently large n, 



\fj (ai,...,a m) A(s 1 ),... J A(s fc ))||^ ><aG > f } (A 1 ,...,A m ,U Si ,...U Sk ) 



Consider an enumeration of all polynomials in C(X 1; . . - ,^(fc+i) m ) (respectively, in C(X 1 , . . .X k )) with 
rational coefficients. For each t = 1,2,..., we can find a positive integer n t and N t = rank (Q„ ® P n ), 
such that, by Claim 1 (respectively, Claim 2) and for all 1 < j < t, 



q^A,,...,^,...^,...^) 
(respectively, 

Pj (u Si ,...,u Sk ) 



qj (a 1} a(s k 1 )a 1 , . . . , a m , . . . , a(s k ^a^ 



1 

< - 

t 



\pj (A(si),...,A(s fc ))|| 



1 



Let, for every 1 < i < m and s S S, 

00 00 00 00 

*f = {&T} t=1 e]lA( C )/SA( C ) > 2l ; =2t[ e) , andil s - {U s }™ l e (0/^^(0, 



t=i 



t=i 



t=i 



t=i 



are 



and denote the C*-algebra generated by -f S2C la . . . , 21^, . . . , 2t m , . . . , 21^'* | . Consequently, there 
embeddings p 1 : j4 — * and p 2 : C*(G) — » S^, given by 

Pl (aCs" 1 )^) = 2t[ s) and p 2 (A(s)) = il s 

with the property that (pi,P2) is a covariant homomorphism (by Claim 3). Therefore, there exists a 
*-homomorphism p : j4 x a G — » ^ , with p [a(s~ 1 )a i ^ = 2l[ , and p (A(s)) = il s . It follows that for 
all 1 < j < J, 



\fj (ai>--->a m ,A(s 1 ),...,A(s fc ))|| j ^ G > fj (2l l5 . . . ,2t m ,ii Si , . . . ,il s J 



lim sup 

t— >00 



/j ■ ■ ■ >An> ^Sj> ■ ■ ■ > ^Sjt) 
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It remains to show that for every 1 < j < J and sufficiently large n, 

\\fj ia 1 ,...,a m ,X(s 1 ),...,X(s k ))\\ j ^^ G < fj (A 1 ,...,A m ,U Si ,...,U Sk ) 



Jl N {C) 



+ e. 



There exist a positive integer D and families of monomials pj e C(X 1} . . . ,X k ) and polynomials e 
C(X 1} . . . ,X {k+l)m ) for 1 < d < D and 1 < j < J, such that 

D 

fj{p-i, ■■■,a m , ACsi), . . . , A(s fc )) = ^pfX^Si), A(s fc )) qf\a 1} aCs" 1 )^, ...,a m ,..., a(s^)a m ) 

d=i 

by the covariance relation for crossed products. Similarly, for sufficiently large n, we can get 

D 

fj (A 1; . . . ,A m , U Sl ,..., U Sk ) =J]pf ) {U Sl , ■ ■ ■ , U Sk ) qf (A 1; . . . ,A^) + r } (A,, . . . ,A%\ U Sl ,...,U Sk ) 

d=i 



with 



max 

i<j<J 



e 

< - 

jc n {<c) 3 



r j {A l ,...,A^\Us l ,...,Us k ) 

e approximate covariance rel 
We then have \\fj (a l5 . . . ,a m , A^), . . . , A(s fc )) \^ a<3 - fj (A l! ...,A m ,U Si ,...,U s J 



by Claim 3 and repeated use of the approximate covariance relation A { U s — + r(A i} A^\ U s ). 



d=i 



C*(G) 



qj d) (a 1 ,...,a(s fc 1 )a m ) 

-t\\p?( u . 



d=i 



<if\M,...,A^) 



e 

+ - 

JC N (c) 3 



^ g Ikf 3 C^x), - - - , A CSfc )) ||^ cg) > (a,, . . . , «( Sfc -)a m ) ||^ - . . . J 



d=l ^" 



C*(G) 



e 

M N {C) 3 ' 



Finally, note that 
so define 



< 



qf ] (a 1 ,...,a(s fc 1 )a m ) 



+ 1 for n sufficiently large, 



M = ^ I S fpf • • • > || C . (G) . S Ihf • • • > 



+ D 



Ld=l ~ d=l 

and use Claims 1 and 2 with a larger n if necessary, to obtain, for all 1 < d < D and 1 < j < J, 



q) i \a 1 ,...Ms?)a m ) ^- qf (A l3 ...,A^) 



P f\X(s,l...,X(s k )) 



C*(G) 



< , and 

~# N (C) 3M 



< 



JC N (c) 3M 



□ 
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Remark. Every discrete group is the inductive limit of its finitely generated subgroups. In particular, 
a discrete maximally almost periodic group is the inductive limit of its residually finite subgroups. 
Moreover, the inductive limit of MF algebras is an MF algebra. Therefore, Theorem 8 remains true if 
one assumes G to be any discrete countable amenable residually finite group, and can be extended to 
all discrete countable amenable maximally almost periodic groups whose finitely generated subgroups 
satisfy the approximate periodicity condition. One could also assume that j4 is separable, rather than 
finitely generated, because of Theorem 6. 



Examples 

We may now use this result to construct more exotic examples of crossed product C*-algebras whose 
BDF Ext semigroup is not a group. 

Example 2. Consider the integer Heisenberg group, which can be defined abstractly as 

H = (s,t\ [[s,t],s],[[s,t],t]). 
or in a concrete way, as the subgroup of SL 3 (Z) generated by 

fl l o\ A o (A AoA 

s= 1 0|andt=|0 1 1 , with u = [s, t] = s _1 t _1 st = 1 . 

o i J yo o i J yo o \j 

Every element of H can be uniquely written in the form s k t l u m , for k, l.m e Z. The sets 

K n = {s k t l u m :-^<k,l,m<^ 

have subsets F n = {sVu m : ~y/~j< k, I < yfj, -| < m < || that form a F0lner sequence, and if we 
define L n — (s 11 , t n ,u n ) then H = K n L n is a tiling for every n > 1. Indeed, L n is normal since 

(s k t l U m )(s np t nq U nr )(s k t l U m )- 1 = s np t nq u n{r+qk-pl) € ^ 

and for any k, I, m e Z, one can find unique — | < k', V , m' < | and p, q, r e Z, such that 

s k t l u m^ s k'+np t l'+nq u m'+n{r-pV) _ ( s fc/ f J ' u m ') ( S "P j n ? u nr ) e K n L n . 

Assume now that j4 is a unital finitely generated non-quasidiagonal MF algebra (e.g. j4 — C*(F 2 )) 
and let an action a : H -^Aut(j^) be induced by 



a(s)a = a(t)a - e 2Tr6i a 

where a e j>i and < < 1. Consider a positive integer n with the property that nO approximates 
an integer. Then a is approximately periodic on L n n F n K n K~ l . It follows that (jtf,H,a) satisfies the 
conditions of Theorem 8, and thus the crossed product j4 x a H is a non-quasidiagonal MF algebra, 
therefore its Ext semigroup fails to be a group. 

Example 3. Consider the Lamplighter group, which can be defined abstractly as 

A = (s, t\s 2 , [t ; st~ ; , t l st~ l ] 
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or otherwise, as the semidirect product (® z Z 2 ) X Z, where the action is by shifting the copies of Z 2 
along Z. By denoting t J st~ J = s ; -, we may write each element of A uniquely as Sj Sj •••s ; - t Jo with 
ji < j 2 < • • • < jk and Jo i n Z. Let 

F n = K n = {sj- s ;2 • • -5 A t^ : - ^ < Jo < ^ , - | < Ji < j 2 < • • • < k < \ > and < fc < nj . 

The Folner condition follows immediatety from F n s — F n and \F n AF n t\ = 2|F„|/n. Let L n be the 
subgroup of A generated by t" and s ; s ;+n for all — | < j < |. Note that L n contains all elements SjS l with 
I - j divisible by n, and in fact, L n is normal in A, since, for s^s^ ■ --Sj t Jo e A and s^s^ • • -s Zm t z ° e L n , 
we have 

{ S h S h • ■ - S k ti0 ) { S h% ■ ■■ S lJ l °) { S h S h ■ •• S k tj °y 1 = { S h S h+lo) ■ ■ ■ { S h S h+lo) { S h+jo%+jo ■ ■■ S l m +jo tl °) 

which is in L n . Moreover, A = K n L n is a tiling for every n > 1, since any s^s^ ■ ■ 'Sj € A can be 
decomposed into 

( s r! S r 2 ' " " s r m t °) ( < s r 1 -r Q ' " s r m -r s j 1 -r ' " s j k -r Q ^° °) e K n L n 

with < m < k < n, — | < r , r 1 ,...r m < ^, j — r divisible by n, and the cardinality of the set 
(c + nZ) n {r l3 . . . , r m , j 1; . . . , to be an even number (or zero) for each c = 1, . . . , n. To verify the 
uniquess of such a decomposition, one can easily compute that K~ 1 K n r\L n — {e} for all n > 1. 
Having studied the group in detail, let us now consider j4 to be any unital finitely generated non- 
quasidiagonal MF algebra and let an action a: A— >Aut(j#)be induced by 

a(s)a - a* , and a(t)a - e 2n9i a 

where a e j4 and < 6 < 1. Again, for a positive integer n with the property that n6 approximates an 
integer, a is approximately periodic on L n DK^^' 1 . It follows that (jrf, A, a) satisfies the conditions 
of Theorem 8, and thus the crossed product j4 X a A is a non-quasidiagonal MF algebra, hence its Ext 
semigroup is not a group. 
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